We study the Regge-like spectra of light mesons in a relativized quark model. An analytical mass formula is presented for the light unflavored mesons with the help of auxiliary field method, by which a quasi-linear Regge-Chew-Frautschi plot is predicted for the orbitally excited states. We show that the trajectory slope is proportional to the inverse confining parameter 1/a up to a factor depending on the strong coupling α s when the orbital quantum number L is large. The result is tested against the experimental data of the spectra of the meson families π/b,ρ/a,η/h and ω/f in the (L,M 2 ) planes, with the fitted parameters consistent with that in the literatures.
Introduction
It is remarkable experimentally that most hadrons consisting of light quarks fall on straight lines known as "Regge trajectories" [1] ,
This simple relation, referred to as Regge-Chew-Frautschi plot, enable us to group the hadrons with mass M and the angular momentum J into a series of rotational families'. The observation of linear behavior (1) in the hadron spectrum dates back to the 1970's [2] and remains to be the subject of recent discussions as new states are discovered. In the case of light nonstrange mesons (which we shall discuss in this work) composed of unflavored quark and antiquark the slope parameter α ′ varies only slightly from family to family (by less than 10%) [3, 4, 5, 6, 7] , by which the linearity of trajectories are assumed. The validity of the linear Regge trajectories were addressed in the literatures, for instance, in [8, 9, 10] on the experimental ground. The correction to the linear trajectory are explored in [11, 12, 6] , and recently in Ref. [7] for the light to heavy mesons systematically.
In the picture of AdS/QCD, Forkel et al [13, 14] predicted the mass relation to be of the Regge-like
for the ground state of the mesons. In quark model, however, the linear behavior of the Regge trajectories remains to be understood [15, 16, 17, 18] (to name a few). For further discussions on the Regge-like mesonic spectra, see Refs. [19, 20, 21, 22, 23, 24] , for instance. For recent discussions, see Afonin [25, 26, 28] and Masjuan at al. [27] and references therein. Purpose of this work is to revisit the Regge-like spectra of the light unflavored mesons in relativized quark model. With the help of auxiliary field (AF) method, an analytical mass formula is derived for the orbitally excited unflavored mesons, by which a quasi-linear Regge-Chew-Frautschi plot is predicted. We find that the trajectory slope is inversely proportional to the confining parameter a up to a factor depending on the (averaged) strong coupling α s and the orbital quantum number L. We also test the obtained mass formula by fitting the recent observed data of the light meson families', π/b,ρ/a,η/h and ω/f in the (L,M 2 ) planes. The best fitted values of model parameters(a = 0.164GeV 2 , the vacuum constant V 0 = −343MeV and α s = 0.57) are given and in consistent with that of relativized quark models in the literatures. The limitation of the mass formula is discussed.
The η/h trajectory is found to be distinctive (the best fit gives a = 0.226GeV 2 and V 0 = −751MeV), and it suggests that the members of this trajectory have the obviousss component, for which the zero-quark-mass approximation in the model is invalid.
Quark model for light unflavored mesons
We use the relativized quark model with Hamiltonian given by [29, 30, 31, 32, 33] , with the spin-dependent interactions suppressed for simplicity. The model Hamiltonian is
where
In (4), the first term is the linear confining potential, with the confining parameter a, the second is the color-Coulomb potential with α s the strong coupling constant, and V 0 the vacuum constant. Here, r = |x 1 − x 2 | is the relative coordinate of the quark 1 and antiquark 2, with the bare masses m 1 and m 2 , respectively. We assume in our analysis that the two quarks are equal in mass, and make no attempt to differentiate between them. V is the effective confining potential with the form of the linear plus Color-Coulomb parts. In the sector of heavy flavor this fom of the interquark potential is confirmed by Lattice QCD [34] . For the recent interquark potential in Lattice simulation, see [35] , with a = 0.155 (19) reported. We are mainly interested in the quantum-mechanical spectrum of the light mesons in the analytical form. To this aim, the auxiliary field (AF) method [36, 37, 38] is employed to transform the Hamiltonian into an analytically solvable one. The idea of the AF method is to apply the equality
} (the minimization is achieved when λ = √ B, λ is positive) to rewrite the model Hamiltonian (3) as H = min µ 1,2 ,ν {H(µ 1,2 , ν)}, where
and the auxiliary fields, denoted as µ j (j = 1, 2) and ν here, are operators in the quantum-mechanical sense. As a result, H(µ j , ν) is equivalent to (3) up to the elimination of the fields (µ 1 , µ 2 , ν) with the help of the constraints
Here, the expectation average µ i,0 (i = 1, 2) can be viewed as the dynamical mass of the quark i, and ν i,0 as the static energy of the flux-tube (QCD string) linking the quark 1 and 2 [39, 18] . Although the auxiliary fields are operators quantum-mechanically, the calculations simplify considerably if one considers them as real c-numbers [18] . They are to be eliminated, in the AF method, eventually through a minimization of the mass spectrum with respect to the AF's, for which the optimal values of µ 1,2 and ν are logically close to µ i,0 and ν i,0 , respectively. For more details of the AF method applied to the mesons, see [40, 39, 18, 41, 42] , and the references therein.
In the center of mass systems where the total momentum vanishes, the Hamiltonian (5) becomes
in which µ M = µ 1 + µ 2 , µ = µ 1 µ 2 /µ M is the reduced mass of quark system, and
Since the first line of (7) is simply the harmonic oscillator Hamiltonian, one can, of course, diagonalize the Hamiltonian H(µ 1,2 , ν) in (7) in the harmonic oscillator basis |nLm . As a result, the quantized energy E N (µ 1,2 , ν) = |H(µ 1,2 , ν)| nLm of the Hamiltonian (7) is
where N = n + L, with n and L the radial quantum number and the orbital angular momentum of the bound system, respectively. In deriving (10), we have estimated the contribution of the color-Coulomb term by its quantum average:
where in the last step a simple relation |x 1 − x 2 | = ν/a, obtained from (6), has been used. In addition, we use the notation α s again to stand for the expectation α s for simplicity. But one should bear in mind that α s hereafter represents an appropriate average of the QCD running coupling which differs in implication from the same symbol in (4). We note that we write presumably the band quantum number N of the harmonic oscillator in (10) in the form N = n + L, rather than N = 2n + L, considering that the superfluous symmetry enters in the Hamiltonian (5) which is absent in the original Hamiltonian (3) when the AF method applied: r → r 2 , and it may bring some unphysical degeneracy in the radially excited states that may not be there in the spectrum of the model (3). Another reason is that the ratio of the slope parameters for the radial and angularmomentum trajectories is approximately 1:1, as observed by Anisovich et al. [3] and suggested by Afonin [19, 20, 25, 26] , Klempt [21] as well as Shifman et al. [22] . For the orbitally excited states with n = 0, which we shall consider in this work, it is expected that the superfluous symmetry does not show up.
Mass formula and Regge trajectory
We consider only, in this work, the orbitally excited mesons for which the radial quantum number n is set to be zero. To solve the model (3) with the AF method, one has to minimize the energy (10) and thereby eliminate the three auxiliary fields appearing in (10) . This amounts to solving simultaneously the three constraints
where we denote a N ≡ a(L + 3/2). Since m i is same for quark and antiquark, one has, by symmetry, (12) and (13) simplify
By putting (15) into (14), one finds, with a little algebra
or,
Having µ as a function of ν one can solve ν by rewriting the energy (10) as an energy functional of ν. We assume the bare mass m ≃ 0 as it should be quite small at the scale of meson mass. When using (17), the energy (10) becomes,
which is minimized by the constraint equation (that is, 0 = δ ν E N (µ 0 , ν))
To solve (19), we firstly consider the case A/ν 2 ≪ 1. To the lowest order, A/ν 2 → 0 yields
By making ansatz ν 2 = 2a N + c A A and putting it into (19) , one can show
which leads to, to the first order of A/ν 2 ,
Hence, the AF equations (12) through (14) can be solved by (17) as well as
Therefore, one finds, from (18) 
with ν 0 given by (22) . In the case of µ 1 = µ 2 , one obtains a mass formula for the unflavoredqq mesons,
in which
We note that c N → 1 when L becomes large. It follows, by squaring (24) , that
where w N ≡ (3/2 + 1/(2c N )) tends to 2 when L is large. When one ignores the last term in the brackets in the RHS of (26), it leads to a quasi-linear from of the Regge-Chew-Frautschi plot
Here, the limit w N → 2 has been applied at which c N → 1. We see that this quasi-linear plot is comparable to the linear Regge trajectories (1), if V 0 is small compared to the meson scale, that is, V 0 /M≪ 1. Further, one can see that the slope parameter α ′ of the trajectory (27) depends upon L weakly,
in which the relation (25) is used. This slope increases slowly with the quantum number L, and tends to (8a) −1 when L is very large: lim L→∞ (α ′ ) = (8a) −1 . The slope (8a) −1 was also derived in Ref. [15] using the WKB approximation. It is to be compared to the slope 1/(2πa) predicted by the relativistic string model [43, 44, 45] .
The strong coupling α s enters also in both the slope (28) and the intercept,
with
It is remarkable that while the intercept (29) depends on the strong coupling α s and L it does not depend on the confining parameter a. The trajectory slope (28) is inversely proportional to a when L is large. We note that after the treatment of the color-Coulomb interaction using the AF method in section 2, α s is in fact the averaged values of the strong coupling α s (r) depending on the interquark distance r: α s → |α s | N , and therefore we do not expect it to agree quantitatively with that of the values measured by QCD lattice simulations.
Although (24) , or (26) , is quite suited to actual test against the observed spectrum of light mesons, we shall conclude this section with discussion of the extreme situation A/ν 2 ∼ 1 which may go beyond perturbative regime for solving (20) from the AF equation (19) .
In the perturbative treatment from (20) to (21), we assumed A/ν 2 ≪ 1, which may be violated when L is small, say, L = 0. This assumption can not be justified by only requiring A/(2a N ) to be small, which is case ( A/(2a N ) < 0.54) even in the worst case L = 0 for the parameter setup of the Godfrey-Isgur(GI) model: a = 0.18GeV 2 , α s ≃ 0.6. At this typical setup, one can show numerically from (19) that A/ν 2 decreases from 0.69 to 0.13, while in the case of (22) it drops rapidly from 2.67 to 0.15, as shown in Table  1 and Table 2 , respectively.
One sees that the perturbative solution (22) is less stable near L = 0 than the numerical one, and fails to satisfies A/ν 2 ≪ 1. We expect, however, that this defect can be cured by the nice linearity [3] +− since the L = 0 state in this trajectory is actually the pion, which we exclude in this work due to its abnormally low mass. Table 1 one sees that A/ν 2 ≪ 1 is qualitatively justified when L ≥ 2. Generally, the smaller α s , the easier for this requirement to hold. In addition, the trajectory slope α ′ increases slowly with L, while the intercept α 0 decreases slowly when L ≥ 2. To reduce effects due to the derivation of ν from the perturbative solution (22) at small L, we combine the guiding from the linear trajectory with the parameter range predicted by the relativized quark models [29, 30, 31, 32, 33] when confronting (24) with the data. Though the GI setup of the model parameters may not be the best fit 1 in order to reproduce the trajectories of the four families' considered, it is quite useful for the parameter searching for the best fit, as illustrated in the following section.
The parameters and masses
In this work, the light mesons are all assumed to be pureqq states consisting of the up or down quarks with equal mass m ≃ 0. To test the mass formula (24), we choose four families of light mesons, marked by π/b, ρ/a, η/h and ω/f , respectively. The corresponding experimental data for the family members is taken entirely from the Particle Data Group's (PDG) 2016 Review of Particle Physics [46] . Part of the family members have been explored in Refs. [11, 3, 6] , and a detailed studies were given in Refs. [17, 4, 7] with the Regge trajectory. The members of each trajectory has at least three states. Meanwhile, they have a feature associated with J P C quantum number that the orbital quantum number L changes successively in trajectory, given that the pureqq state has the parity P = (−) L+1 and C = (−) L+S . To apply the linear-trajectory guiding mentioned in section 3 at relatively larger L to the our quasi-linear fit, we list below some details of the linear fits for the trajectories selected.
(i) The π/b trajectory(I = 1): It includes the states b 1 (1235)1
The lowest(L = 0) state, the pion, which should have been in this trajectory, was excluded from trajectory analysis since it has abnormally low mass. The corresponding linear fit (L = 1, 2, 3, 4) , to the most recently observed data, is One sees that in its nätive form the linear formula (2) applies for the ρ/a and ω/f trajectories for which −α 0 ≃ 0.5, but fails somehow in the case of the π/b and η/h trajectories for which −α 0 ≃ 0.3 and 0.1, respectively.
We use (24) , with c N given by (25) , to fit the above four meson families in the (L, M
2 ) plane (we set n = 0). The optimal parameters (a, α s ,V 0 ) fitted to the data are shown in Table 2 , in which the notation Num. stands for the number of the data coordinates. In Table 3 , we show the mass values calculated from the mass formula (24) and masses of the experiment (PDG) [46] , with the corresponding MS error χ 2 M S listed also. It can been seen from Table 3 that the optimal values of the model parameters (confining parameter a, strong coupling α s , vacuum constant V 0 ) fall in the regime around the GI setup, except for the η/h trajectory for which a and −V 0 are obviously larger. One can explain this exceptional case as an indication that the members of η/h trajectory may have hiddenss component, which goes beyond the approximation m ≃ 0 taken in this work. When the η/h trajectory removed, the fitted values of a, α s and V 0 vary slightly at the level of 1.5%, 2.3% and 9% respectively. In this sense, we conclude that three model parameters a, α s and V 0 are universal, and has a globally fit at about a = 0.164GeV
The trajectory slope at the global fit is
For the intercept, no universal fit can be found. The above prediction for α ′ is in good agreement with that of the models in the literatures, say, 0.886GeV 2 in Ref. [11] , 0.887GeV 2 in Ref. [17] (for the ρ parent trajectory), 0.884 in Ref. [7] , and 0.893(= 1/1.12) in Ref. [4] .
On the other hand, the study [47] of the parameters of the relativized quark model provides a constraint on them: 200MeV≤ −V 0 ≤ 470MeV. This constraints are fulfilled by all fitted parameters in Table 3 , except for the η/h trajectory. Given that α s is the averaged value of the strong coupling in (3) the fit (31) agrees well with the parameter setup of the GI model [32] (where α s ≤ 0.60). For the parameter a, the fit in (31) is compatible with the results of the literatures:a = 0.180 in Ref. [31] ;a = 0.192 in Ref. [33] ;a = 0.191 in Ref. [48] ;a = 0.183 in Ref. [49] . We stress here that our fit for a in (31) is closer to the confining parameter σ in the recent lattice simulation [35] : (0.394 (17)) 2 ≃ 0.155 (19) . Table 1 . This entails the nonperturbatively solving of the AF equation (19) for the static energy ν of string. One simple and direct way to do this is, for instance, to promote (22) 
− f (α s ) and solve the unknown function f (α s ) numerically or analytically (such a work is under way).
One of other limitations of the mass formula (24) comes from the chiral limt (zero-mass limit) approximation for the light quark. This approximation fails when meson has mixed hiddenss(orcc) component in its internal structure. In this case, the calculation by the mixed state |qq + |ss is needed, for which the strange quark mass m s is expected to enter in the mass formula (24) . Another limitation comes from the two-quark state (qq) assumption for mesons. This assumption may not be true when a meson has exotic structure, such as components of gluoballs and/or multiquark states. This goes beyond the picture of the native quark model used in this work and may make the mass formula (24) insufficient.
Summary
We re-visit the orbital Regge spectra of the light unflavored mesons in the framework of relativized quark model. By applying the auxiliary field method to model, an analytical mass formula is proposed for the orbitally excited unflavored mesons, by which a quasi-linear Regge-Chew-Frautschi plot is predicted. We test the mass formula by fitting the observed data of the light meson families', π/b,ρ/a,η/h and ω/f in the (L,M 2 ) planes, and find that the optimal values of the model parameters are consistent with that of the relativized quark models in the literatures. An agreement of the mass predicted by the mass formula with the experimental data is achieved for the meson families considered.
It is also shown for large orbital quantum number L that the trajectory slope is inversely proportional to the confining parameter a, while the intercept depends on the strong coupling α s , independent of a.
The anomaly is observed in the fitted parameters when comforting the mass formula with the experimental spectra of the η/h trajectory. This may imply that the unflavored states η(548)0 −+ , h 1 (1170)1 +− and others in the η/h trajectory either have mixed with hiddenss(orcc) component in its internal structure or go beyond the two-quark picture.
